Bianchi type I and type IX ('Mixmaster') geometries are investigated within the framework of Hořava-Witten cosmology. We consider the models for which the fifth coordinate is a S 1 /Z 2 orbifold while the four coordinates are such that the 3-space is homogeneous and has geometry of Bianchi type I or IX while the rest six dimensions have already been compactified on a CalabiYau space. In particular, we study Kasner-type solutions of the Bianchi I field equations and discuss Kasner asymptotics of Bianchi IX field equations.
String cosmology has attracted a lot of interest recently (for a review see [1] ), especially in the context of duality symmetry, which is a striking feature of the underlying string theory and justifies a kinetic-energy-driven inflation, known as pre-big-bang inflation [2] .
Pre-big-bang inflation is the result of the admission of the cosmological solutions for bosonic low-energy-effective-action for strings [3] . Bosonic action is the simplest stringy action and in view of duality symmetry this action together with other superstring actions are not necessarily the right description of physics at strong coupling -M-theory. Hořava and Witten [4] proposed that the right candidate for M-theory is strongly coupled limit of E 8 ×E 8
heterotic superstring theory compactified on a S 1 /Z 2 orbifold with E 8 gauge fields on each orbifold fixed plane. This means the gauge fields live on 10-dimensional planes while gravity can propagate in the whole 11-dimensional bulk. The idea of having extra dimensions in which only gravity can propagate has been under intensive studies recently and different scenarios (including extra time dimensions [9] ) have been considered [5] [6] [7] [8] .
In this paper we will consider the models in which M-theory is compactified on an orbifold and then reduced to four dimensions using Calabi-Yau manifold [10, 11] . Since the size of the orbifold is bigger than the size of the Calabi-Yau space then there was a period in the history of the universe during which the universe was five-dimensional. That means we can consider the cosmological models for which the fifth coordinate is an orbifold while the remaining four coordinates are such that the three-space is homogeneous with Bianchi type I or IX geometry. The main objective is to study Kasner-type solutions of Bianchi type I field equations and Kasner asymptotic states (as a result of Kasner-to-Kasner transitions)
of Bianchi type IX field equations. The form of these solutions allows us to find out whether there is a possibility for chaotic behaviour in these Hořava-Witten cosmologies. Similar question was addressed in [12] for pre-big-bang cosmology with the answer that only finite number of chaotic oscillations are possible.
It is well known that the vacuum BIX homogeneous cosmology in general relativity is chaotic [13] . An infinite number of oscillations of the orthogonal scale factors occurs in general on any finite interval of proper time including the singularity at t = 0.
If a minimally coupled, massless scalar field (e.g. the inflaton) is admitted, the situation changes. Only a finite number of spacetime oscillations can occur before the evolution is changed into a state in which all directions shrink monotonically to zero as the curvature singularity is reached and the oscillatory behaviour ceases [14] . This is also the case in 4-dimensional pre-big-bang cosmology where the role of a scalar field is played by the dilaton [12] . On the other hand, 5-dimensional vacuum Einstein solutions of Bianchi type IX do not allow chaos to occur either [15] [16] [17] . The point is that the fifth dimension plays effectively the role of a scalar field in scalar field cosmologies and stops chaotic oscillations. In 5-dimensional Hořava-Witten cosmology the situation is in some ways analogous to both of the above cases which gives some new interesting points to be made and this is the task of our paper.
The Hořava-Witten field equations are given by [4, 10, 11 ]
where φ = 1// √ 2 ln V and V is a scalar field measuring the deformation of the Calabi-Yau space, g µν is the five dimensional metric tensor while g ij is the four dimensional metric which denotes the pull-back of the metric on five-dimensional manifold M 5 onto the orbifold fixed four-dimensional manifolds M
and M
4 . In (1)- (2) we have neglected the terms which come from the three-form on the Calabi-Yau space. Actually, they will not make any qualitative change in our discussion -this is on the same footing as it was the case in prebig-bang models [12] . In (1)-(2) y ∈ [−πλ, πλ] is a coordinate in the orbifold direction and the orbifold fixed planes are at y = 0, πλ. Z 2 acts on S 1 by y → −y. The terms involving delta functions arise from the stress energy on the boundary planes.
Following [10] we consider cosmological models of the form
where
is a homogeneous Bianchi type IX 3-metric and the orthonormal forms σ 1 , σ 2 , σ 3 are given by
and the angular coordinates ψ, θ, ϕ span the following ranges,
Similarly as in [10, 11] we will look for separable solutions of the form
The nonzero components of the field equations read as (an overdot means a derivative with respect to time τ and a prime means a derivative with respect to an orbifold coordinate
The equation of motion (2) for the scalar field V is
In order to separate Equations (10)- (15) one has to make a choice δ = ε and if one additionally choose a gauge in the form n = 1 as in Ref. [10] one gets the following set of time-dependent field equations (note that equations (14) and (15) become identical so we reduce the number of equations to five
which, except for the right-hand side of Eq. (16), is the same set as the set of equations (3.7)-(3.11) of [12] for bosonic low-energy-effective-action cosmology in string frame, provided we 1 This, of course, reduces the generality of our discussion in the context of [17] since we identify an extra dimension with a scalar field.
take dilaton field φ as defined in [12] to be equal to (− ln δ) and also neglect axion (i.e. take A = 0 in Ref. [12] ).
A new time coordinate is introduced to simplify the field equations by (compare Eq.
(3.12) of [12] )
From now on we will use the notation (...), η = d/dη. To further simplify the equations we additionally definẽ
so that the set of equations (16)- (20) reads as α +β +γ +δ ,ηη
These equations are the same as pre-big-bang cosmology Mixmaster equations in string frame (3.19)- (16)- (20) when the right-hand sides (describing the curvature anisotropies) are neglected. In terms of τ -time, they are
From (23)- (27) we have the following algebraic conditions for the Kasner indices, p i : 
